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MILNOR-WITT MOTIVIC COHOMOLOGY OF COMPLEMENTS OF
HYPERPLANE ARRANGEMENTS
A PREPRINT
Keyao Peng
ABSTRACT
In this paper, we compute the (total) Milnor-Witt motivic cohomology of the complement of a hy-
perplane arrangement in an affine space.
1 Introduction
Let R be a commutative ring. The Milnor-WittK-theory of R is defined to be the graded algebra freely generated by
elements of degree 1 of the form [a], a ∈ R× and an element η in degree−1, subject to the relations
1. [a][1− a] = 0 for any a ∈ R× \ {1}.
2. [ab] = [a] + [b] + η[a][b] for any a, b ∈ R×.
3. η[a] = [a]η for any a ∈ R×.
4. η(2 + η[−1]) = 0.
It defines a presheaf on the category of schemes over a perfect field K via X 7→ KMW∗ (O(X)). On the other hand,
one can also consider the Milnor-Witt motivic cohomology (bigraded) presheaf
X 7→ H∗,∗MW(X,Z).
By [1, Theorem 4.2.2], there is a morphism of presheaves
s :
⊕
n∈Z
KMWn (−)→
⊕
n∈Z
Hn,nMW(−,Z)
which is an isomorphism if X = Spec(F ) where F is a finitely generated field extension of K ([2]). Let U ⊂ ANK
be the complement of a finite union of hyperplanes. In this paper, we compute the MW-motivic cohomology ring
HMW(U) := ⊕p,qH
p,q
MW(U,Z).
Theorem 1.1. LetK be a perfect field. There is an isomorphism of HMW(K)-algebras
HMW(K){Gm(U)}/J ∼= HMW(U)
defined by mapping (f) ∈ Gm(U) to the class [f ] in H
1,1
MW(U,Z) corresponding to f under s. Here,
HMW(K){Gm(U)} is the free (associative) graded HMW(K)-algebra generated by Gm(U) in degree (1, 1) and
J is ideal generated by the following elements:
(1) (f)− [f ], if f ∈ K× ⊂ Gm(U),
(2) (fg) = (f) + (g) + η(f)(g), if f, g ∈ Gm(U),
(3) (f1)(f2) · · · (ft), for any f1, . . . , ft ∈ Gm(U) such that
∑t
i=1 fi = 1,
(4) (f)2 − [−1](f), if f ∈ Gm(U).
This theorem, and its proof, are inspired from the computation of the (ordinary) motivic cohomology of U in [3]. As
a corollary, we obtain the following result.
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Corollary 1.2. Let U ⊂ ANK be the complement of a finite union of hyperplanes. The morphism of graded rings
s(U) :
⊕
n∈Z
KMWn (U)→
⊕
n∈Z
Hn,nMW(U,Z)
is an isomorphism.
Conventions
The base field K is assumed to be perfect. For a scheme X over K , we write HMW(X) for the total MW-motivic
cohomology
⊕
p,q∈ZH
p,q
MW(X,Z).
2 Milnor-Witt Motivic Cohomology
In this section, we define Milnor-Witt motivic cohomology and state some properties that will be used in the proof of
Theorem 1.1. We start with the (big) category of motives D˜M(K) := D˜MNis(K,Z) defined in [1, Definition 3.3.2]
and the functor
M˜ : Sm/K → D˜M(K).
The category D˜M(K) is symmetric monoidal ([1, Proposition 3.3.4]) with unit 1 = M˜(Spec(K)). For any integers
p, q ∈ Z, we obtain MW-motivic cohomology groups
Hp,qMW(X,Z) := HomD˜M(K)(M˜(X),1(q)[p]).
By [1, Proposition 4.1.2], motivic cohomology groups can be computed as the Zariski hypercohomology groups of
explicit complexes of sheaves.
We’ll make use of the following property of D˜M(K).
Proposition 2.1 (Gysin Triangle). Let X be a smooth K-scheme, let Z ⊂ X be a smooth closed subscheme of
codimension c and let U = X \ Z . Suppose that the normal cone NXZ admits a trivialization φ : NXZ ≃ Z × Ac.
Then, there is Gysin triangle
M˜(U) −→ M˜(X) −→ M˜(Z)(c)[2c]
+1
−−→
where the last two arrows depend on the choice of φ.
Proof. We have an adjunction of triangulated categories
SH(K)⇆ D˜M(K)
obtained by combining the adjunction of [4, §4.1] and the classical Dold-Kan correspondance (e.g. [5, 5.3.35]). Here,
SH(K) is the stable homotopy category of smooth schemes overK . The functor SH(K)→ D˜M(K) being exact, the
statement follows for instance from [6, Chapter 3, Theorem 2.23].
3 Basic structure of the cohomology ring
Let V be an affine space, i.e. V ≃ ANK for some N ∈ N. We consider finite families I of hyperplanes in V (that
we suppose distinct). We denote by |I| the cardinal of I and set UVI := V \ (∪Y ∈IY ) and simply write U
N
I when
V = ANK . For any hyperplane Y , we put IY := {Yi ∩ Y |Yi ∈ I, Yi 6= Y }.
Proposition 3.1. Let V and I be as above. We have
M˜(UVI )
∼= ⊕j∈J1(nj)[nj ]
for some set J and integers nj ≥ 0.
Proof. We proceed by induction on the dimensionN of V and |I|. If |I| = 0, then M˜(UVI ) = M˜(V ) ∼= 1 and we are
done. Let then |I| ≥ 1 and Y ∈ I . The Gysin triangle reads as
M˜(UVI )→ M˜(U
V
I−{Y })
φ
−→ M˜(UYIY )(1)[2]
+1
−−→ . (1)
2
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If φ = 0, then the triangle is split and consequently we obtain an isomorphism
M˜(UVI )
∼= M˜(UVI−{Y })⊕ M˜(U
Y
IY
)(1)[1]. (2)
Since |I − {Y }| < |I| and dim(Y ) = dim(V ) − 1 we conclude by induction that the right-hand side has the correct
form. We are then reduced to show that φ = 0.
By induction
φ ∈ Hom
D˜M(K)
(M˜(UVI−{Y }), M˜(U
Y
IY
)) ∼=
⊕
j,k
Hom
D˜M(K)
(1(nj)[nj ],1(mk)[mk + 1]).
for some integers nj,mk ≥ 0, and it suffices to prove that HomD˜M(K)(1,1(m)[m + 1]) = 0 for any m ∈ Z to
conclude. Now,
Hom
D˜M(K)
(1,1(m)[m+ 1]) = Hm,m+1MW (K,Z)
and the latter is trivial by [1, Proposition 4.1.2] and [1, proof of Theorem 4.2.4].
As an immediate corollary, we obtain the following result.
Corollary 3.2. The motivic cohomologyHMW(UVI ) is a finitely generated free HMW(K)-module.
To obtain more precise results, we now study the Gysin (split) triangle (1) in more detail. We can rewrite it as
M˜(UYIY )(1)[1]
βY
−−→ M˜(UVI )
αY
−−→ M˜(UVI−{Y })
0
−→
and therefore we obtain the following short (split) exact sequence in which the morphisms are induced by the first two
morphisms in the triangle
0 −→
⊕
p,q
Hp,qMW(U
V
I−{Y }Z)
αY∗−−→
⊕
p,q
Hp,qMW(U
V
I ,Z)
βY∗−−→
⊕
p,q
Hp−1,q−1MW (U
Y
IY
,Z) −→ 0. (3)
The inclusion Y ⊂ V yields a morphism UYIY → U
V
I−{Y } and therefore a morphism ι : M˜(U
Y
IY
)→ M˜(UV
I−{Y }). The
global section t of V corresponding to the equation of Y becomes invertible in UVI and therefore yields a morphism
[t] : M˜(UVI )→ 1(1)[1] corresponding to the class [t] ∈ H
1,1
MW(U
V
I ,Z) given by the morphism
s :
⊕
n∈Z
KMWn (−)→
⊕
n∈Z
Hn,nMW(−,Z).
Lemma 3.3. The following diagram commutes
M˜(UYIY )(1)[1]
βY

ι(1)[1] // M˜(UV
I−{Y })(1)[1]
M˜(UVI ) ∆
// M˜(UVI )⊗ M˜(U
V
I ).
αY ⊗[t]
OO
Proof. The commutative diagram of schemes
UVI
//

UVI−{Y }
Id×t

UV
I−{Y } ×Gm
// UV
I−{Y } × A
1
K
yields a morphism of Gysin triangles and thus a commutative diagram
M˜(UYIY )(1)[1]
βY //
ι(1)[1]

M˜(UVI )
αY //

M˜(UV
I−{Y })
//

. . .
M˜(UV
I−{Y })(1)[1]
//
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
M˜(UV
I−{Y } ×Gm)
//

M˜(UV
I−{Y } × A
1
K)
// . . .
M˜(UV
I−{Y })(1)[1]
3
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in which the map M˜(UV
I−{Y } × Gm) → M˜(U
V
I−{Y })(1)[1] is just the projection. We conclude by observing that the
middle composite is just (αY ⊗ [t]) ◦∆.
We may now prove the main result of this section.
Proposition 3.4. The cohomology ring HMW(U) is generated by the classes of units in U as a HMW(K) algebra. In
particular, the homomorphism
s :
⊕
n∈Z
KMWn (U)→
⊕
n∈Z
Hn,nMW(U,Z)
is surjective.
Proof. We still prove the result by induction on |I| and the dimension of V , the case |I| = 0 being obvious. Sup-
pose then that the result holds for UYIY and U
V
I−{Y } and consider the split sequence (3). For any x ∈ HMW(U) =
HMW(U
V
I ), we have that β
Y
∗ (x) ∈ HMW(U
Y
IY
) is in the subalgebra generated by {[f ]|f ∈ Gm(UYIY )} and η. For any
f1, . . . , fn ∈ Gm(UVI−{Y }), Lemma 3.3 yields
βY∗ ([(f1)|UV
I
] · · · [(fn)|UV
I
] · [t]) = [(f1)|UY
IY
] · · · [(fn)|UY
IY
]
The map Gm(U
V
I−{Y }) → Gm(U
Y
IY
) being surjective, it follows that there exists x′ ∈ HMW(UVI ) in the subalgebra
generated by units such that βY∗ (x − x
′) = 0. Thus x − x′ = α∗(y) for some y ∈ HMW(UVI−{Y }) and the result now
follows from the fact that α∗ is just induced by the inclusion U
V
I ⊂ U
V
I−{Y }.
4 Relations in the cohomology ring
The purpose of this section is to prove that the relations of Theorem 1.1 hold in HMW(U). The first two relations are
obviously satisfied since the homomorphism is induced by the ring homomorphism
s :
⊕
n∈Z
KMWn (U)→
⊕
n∈Z
Hn,nMW(U,Z).
Recall now that the last two relations are
3. [f1][f2] · · · [ft], if fi ∈ Gm(U) for any i and
∑t
i=1 fi = 1,
4. [f ]2 − [−1][f ], if f ∈ Gm(U).
We will prove that they are equal to 0 in HMW(U). Actually, it will be more convenient to work with the following
relations
3′. R(f0, . . . , ft) =
∑t
i=0 ǫ
t+i [f0] . . . [̂fi] . . . [ft] +
∑
0≤i0<...<ik≤t
(−1)k [−1]k [f0] . . . [̂fi0 ] . . . [̂fik ] . . . [ft]
if ∀i, fi ∈ Gm(U), and
∑t
i=0 fi = 0,
4′. (anti-commutativity) [f ][g]− ǫ[g][f ],
where ǫ := −〈−1〉 = −1− η[−1].
Lemma 4.1. The two groups of relations are equivalent in HMW(U).
Proof. We first assume that 3. and 4. are satisfied. Since 1. and 2. are satisfied, we have [−f ] = [−1] + 〈−1〉[f ]. As
4. is satisfied and [−1] = ǫ[−1] in KMW∗ (K),
[−f ][f ] = [−1][f ] + 〈−1〉[f ]2 = ǫ([−1][f ]− [f ]2) = 0
and then [fg][−fg] = [f ][g] + ǫ[g][f ] for any g, f ∈ Gm(U) by [7, proof of Lemma 3.7]. Suppose next that∑t
i=0 fi = 0, so that
∑t
i=1
fi
−f0
= 1. Combining 3. and the anti-commutativity law, we obtain
0 = [1] =
[
f−1j
]
+
〈
f−1j
〉
[fj][
−fi
fj
]
=
〈
f−1j
〉
[−fi] +
[
f−1j
]
=
〈
f−1j
〉
([−fi]− [fj]) =
〈
f−1j
〉
(〈−1〉 [fi] + [−1]− [fj])
([f0]− [−1])k = (
∑k−1
i=0
(
k
i
)
) [−1]k−1 [f0] + (−1)k [−1]
k
= (−1)k−1 [−1]k−1 [f0] + (−1)k [−1]
k
4
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(〈−f0〉)
t
[
−f1
f0
] [
−f2
f0
]
. . .
[
−ft
f0
]
= ([f0]− [−1]− 〈−1〉 [f1]) . . . ([f0]− [−1]− 〈−1〉 [ft])
= ǫt [̂f0] [f1] . . . [ft] +
t∑
i=1
ǫt−1 [f1] . . . [̂fi]([f0]− [−1]) . . . [ft] +
∑
i<j
([f0]− [−1])
2 [f1] . . . [̂fi] . . . [̂fj ] . . . [ft] + . . .
=
t∑
i=0
ǫt+i [f0] . . . [̂fi] . . . [ft] +
∑
0≤i0<...<ik≤t
(−1)k [−1]k [f0] . . . [̂fi0 ] . . . [̂fik ] . . . [ft]
= R(f0, . . . , ft).
Conversely, suppose that 3′ and 4′ hold. A direct calculation shows that we have R(f1, . . . , ft,−1) = ǫ [f1] . . . [ft],
and consequently that 3. also holds. For every field K 6= F2, we have 1 + a+ b = 0 for some a, b 6= 0 and it follows
from [−a] [−b] = 0 in KMW∗ (K) that
R(f, af, bf) = R(f, af, bf)− [−a] [−b] = R(f, af, bf)−
[
−af
f
] [
− bf
f
]
= R(f, af, bf)− (〈−1〉 [af ] + [−1]− [f ])(〈−1〉 [bf ] + [−1]− [f ])
= − [−1] [f ] + [−1]2 − ([f ]− [−1])2 = [−1] [f ]− [f ]2 .
Remark 1. Observe that the following properties of the relations R hold:
1. For any a, b ∈ Gm(U), we have [a/b] = R(a,−b).
2. For any f0, . . . , ft ∈ Gm(U), we have R(f0, . . . , ft)− ǫi [fi]R(f0, . . . , f̂i, . . . , ft) = P (f0, . . . , f̂i, . . . , ft)
for some polynomial P .
3. For any f0, . . . , ft ∈ K×, we have R(f0, . . . , ft) = 0 in KMW∗ (K).
The following lemma will prove useful in the proof of the main theorem.
Lemma 4.2. Any morphism φ : M˜(UVI )→ T in D˜M(K) such that
M˜(UYI|Y )(1)[1]
βY
−−→ M˜(UVI )
φ
−→ T
is trivial for every Y ∈ I factors through M˜(K), i.e. there is a morphism ψ : M˜(K) −→ T such that the following
diagram
M˜(UVI )

φ // T
M˜(K)
ψ
==
③③③③③③③③③
is commutative.
Proof. We prove as usual the result by induction on |I|, the result being trivial if |I| = 0, i.e. if UVI ≃ A
N
K . By
assumption, φ factors through M˜(UV
I−{Y }), i.e. we have a commutative diagram
M˜(UVI )
αY //
φ
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
M˜(UV
I−{Y })
φ0

T.
5
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For H ∈ I ′ = I − {Y }, we have an associated Gysin morphism βH : M˜(UHIH ) → M˜(U
V
I ) which induces a
commutative diagram
M˜(UHIH )(1)[1]
αY (1)[1]

βH // M˜(UVI )
αY

φ // T
M˜(UHI′
H
)(1)[1]
βH
// M˜(UVI′ )
φ0
==
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
in which the morphism αY (1)[1] on the left is split surjective. It follows that φ0 ◦ β
H ◦ αY (1)[1] = φ ◦ βH = 0
implies φ0 ◦ β
H = 0. We conclude by induction.
Proposition 4.3. Let S be an essentially smooth K-scheme let and fi ∈ Gm(S) be such that
∑t
i=0 fi = 0. Then
R(f0, . . . , ft) = 0 in HMW(S).
Proof. The global sections f0, . . . , ft yield a morphism j = (f0, . . . , ft) : S −→ A
t+1
K which restrict to a morphism
j : S −→ UHI , whereH ⊂ A
t+1
K is given by
∑t
i=0 xi = 0 and I = {{x1 = 0}, . . . , {xt = 0}}. Since R(f0, . . . , ft) =
j∗(R(x0, . . . , xt)), we can reduce the proposition to S = U
H
I .
For any xj , we set Yj := {xj = 0} ⊂ H and we obtain a Gysin morphism βj : M˜(U
Yj
IYj
)(1)[1] → M˜(UHI ) and a
composite
Mt(U
Yj
IYj
)(1)[1]
βj
−→ M˜(UHI )
R(x0,...,xt)
−−−−−−−→ 1(t)[t].
By Remark 1 and Lemma 3.3,
R(x0, . . . , xt) ◦ βj = (ǫ
j [xj ]R(x0, . . . , x̂j , . . . , xt) + P (x0, . . . , x̂j , . . . , xj)) ◦ βj
= ǫj([xj ]R(x0, . . . , x̂j , . . . , xt)) ◦ βj + P (x0, . . . , x̂j , . . . , xj) ◦ αj ◦ βj
= ǫjR(x0|
U
Yj
IYj
, . . . , x̂j , . . . , xt|
U
Yj
IYj
).
As R(f,−f) = 0 for f ∈ Gm(S) by Remark 1, we obtain by induction that R(x0, . . . , xt) ◦ βj = 0 for any
j = 0, . . . , t. Applying Lemma 4.2, we obtain a commutative diagram
M˜(UHI )

R(x0,...,xt) //
1(t)[t]
M˜(K)
ψ
77♥♥♥♥♥♥♥♥♥♥♥♥♥
As char(K) 6= 2, UHI has aK rational point (λ0, . . . , λt) ∈ A
t+1
K , and we obtain a diagram
M˜(K)
u

R(λ0,...,λt)
''PP
PP
PP
PP
PP
PP
P
M˜(UHI )

R(x0,...,xt) //
1(t)[t]
M˜(K)
ψ
77♥♥♥♥♥♥♥♥♥♥♥♥♥
The vertical composite being the identity, ψ = R(λ0, . . . , λt) and the latter is trivial by the relations in Milnor-Witt
K-theory.
Applying lemma 4.1, we obtain the following corollary.
Corollary 4.4. Let S be an essentially smooth smoothK-scheme.
1. For any f0, . . . , ft ∈ Gm(S) such that
∑t
i=1 fi = 1, we have [f1][f2] · · · [ft] = 0 ∈ HMW(S).
2. For any f ∈ Gm(S), we have [f ]2 − [−1][f ] = 0 in HMW(S).
6
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5 Proof of the main theorem
In this section, we prove Theorem 1.1. We denote by JU ⊂ HMW(K){Gm(U)} the ideal generated by the relations
(1) (f)− [f ], for f ∈ K× ⊂ Gm(U).
(2) (fg) = (f) + (g) + η(f)(g), for f, g ∈ Gm(U).
(3) (f1)(f2) · · · (ft), for any f1, . . . , ft ∈ Gm(U) such that
∑t
i=1 fi = 1.
(4) (f)2 − [−1](f), for f ∈ Gm(U).
By Lemma 4.1, JU ⊂ HMW(K){Gm(U)} is in fact generated by
(1) (f)− [f ], for f ∈ K× ⊂ Gm(U).
(2) (fg) = (f) + (g) + η(f)(g), for f, g ∈ Gm(U).
(3′) (anti-commutativity) (f)(g)− ǫ(g)(f) for any f, g ∈ Gm(U).
(4′) R(f0, . . . , ft) =
∑t
i=0 ǫ
t+i(f0) . . . (̂fi) . . . (ft)+
∑
0≤i0<...<ik≤t
(−1)k [−1]k (f0) . . . (̂fi0) . . . (̂fik) . . . (ft),
for any f0, . . . , ft ∈ Gm(U) such that
∑t
i=0 fi = 0.
In view of Corollary 4.4, the morphism HMW(K) 〈Gm(U)〉 → HMW(U) defined by (f) 7→ [f ] induces a homomor-
phism of HMW(K)-algebras ρ : HMW(K) 〈Gm(U)〉 /JU → HMW(U). Now, choose linear polynomials φ1, . . . , φs
that define the hyperplanes Yi ∈ I and let J ′U ⊂ HMW(K) 〈Gm(U)〉 be the ideal generated by the relations (1), (2),
(3′) and (4′) for elements of the form fj = λjφij or fj = λj for λj ∈ K
× and φij ∈ {φ1, . . . , φs}. We have a string
of surjective homomorphisms of HMW(K)-algebras
HMW(K) 〈Gm(U)〉 /J
′
U → HMW(K) 〈Gm(U)〉 /JU
ρ
−→ HMW(U)
whose composite we denote by ρ′.
Theorem 5.1. The morphism of HMW(K) algebra
HMW(K) 〈Gm(U)〉 /JU
ρ
−→ HMW(U)
is an isomorphism.
Proof. It suffices to prove that ρ′ is an isomorphism. To see this, we work again by induction on |I|. If |I| = 0, we
have U ≃ ANK for some N ∈ N. By homotopy invariance, we have to prove that the map
ρ′ : HMW(K) 〈Gm(K)〉 /J
′
K → HMW(K)
is an isomorphism. The homomorphism of HMW(K)-algebras HMW(K) → HMW(K) 〈Gm(K)〉 /J ′K is surjective
by Relation 1. Its composite with ρ′ is the identity and we conclude in that case.
Assume now that Y ∈ I is defined by φ1 = 0 and that we have isomorphisms
HMW(K)
〈
Gm(U
V
I′ )
〉
/J ′
UV
I′
∼=
−→ HMW(U
V
I′ )
HMW(K)
〈
Gm(U
Y
IY
)
〉
/J ′
UY
IY
∼=
−→ HMW(U
Y
IY
).
The morphism UVI → U
V
I′ induces a homomorphismGm(U
V
I′ )→ Gm(U
V
I ) and then a commutative diagram
HMW(K)
〈
Gm(U
V
I′ )
〉
/J ′
UV
I′
α˜ //
∼=

HMW(K)
〈
Gm(U
V
I )
〉
/J ′
UV
I
ρ′

β˜ // HMW(K)
〈
Gm(U
Y
IY
)
〉
/J ′
UY
IY
∼=

0 // HMW(UVI′ )
αY∗
// HMW(UVI )
βY∗
// HMW(UYIY )
// 0
in which β˜ is the unique lift of βY∗ ◦ ρ and the bottom row is exact. We are thus reduced to prove that the top
sequence is short exact to conclude. It is straightforward to check that α˜ is injective and β˜ is surjective. Moreover, the
7
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commutativity of the diagram and the fact that βY∗ ◦ α
Y
∗ = 0 imply that β˜ ◦ α˜ = 0, so we are left to prove exactness
in the middle.
Let x ∈ HMW(K)
〈
Gm(U
V
I )
〉
/J ′
UV
I
. The groupGm(U
V
I ) being generated byGm(U
V
I′ ) and φ1, we may use relations
(2) and (4) to see that x = (φ1)α˜(x1) + α˜(x0) in HMW(K)
〈
Gm(U
V
I )
〉
/J ′
UV
I
. By Lemma 3.3, we get β˜(x) = ι˜(x1),
where ι˜ is induced by the restriction Gm(U
V
I′ ) −→ Gm(U
Y
IY
). Consequently, we need to prove that if ι˜(x1) = 0 then
(φ1)α˜(x1) is in the image of α˜. With this in mind, we now prove that the kernel of ι˜ is generated by elements of the
form
R(f0, . . . , ft)
where fj = λφij with ij > 1 or fj = λ and
∑t
i=0 fi|UYIY
= 0. Denote by L′ the subgroup of HMW(K)
〈
Gm(U
V
I′ )
〉
generated by such elements. By construction, the restriction induces a homomorphism
L′ + J ′
UV
I′
→ J ′
UY
IY
which is surjective. Indeed, relations (1), (2) and (3′) can be lifted using the fact that the mapGm(U
V
I′ )→ Gm(U
Y
IY
) is
surjective, while an element satisfying relation (4) with every fj of the form fj = λjφij or fj = λj for λj ∈ K
× (with
ij 6= 1) lifts to an element in L′. As in [3, proof of Theorem 3.5], we see that the kernel of the group homomorphism
Gm(U
V
I′ )→ Gm(U
Y
IY
) is generated by elements of the form
1. λφi
φj
with i, j such that Y1 ∩ Yi = Y1 ∩ Yj and λ =
(φj)|Y1
(φi)|Y1
.
2. λφi where i is such that Y1 ∩ Yi = ∅ and λ =
1
(φi)|Y1
.
Remark 1 yields [λ·φi
φj
] = R(λ · φi,−φj) ⊂ L′, while [λφi] = R(λ · φi,−1) ⊂ L′ showing that ker(Gm(UVI′ ) →
Gm(U
Y
IY
)) ⊂ L′ + J ′
UV
I′
. We deduce that ker(ι˜) = L′.
We now conclude. If ι˜(x1) = 0, then x1 ∈ L′ and we may suppose that x1 = R(f0, . . . , ft) for f0, . . . , ft such
that
∑t
i=0 fi|UYIY
= 0. It follows that
∑t
i=0 fi = −µφ1 for µ ∈ K . If µ = 0 there is nothing to do. Else, use
R(µφ1, f0, . . . , ft) = 0 and Remark 1 to get
(φ1)α˜(x1) = (µφ1)α˜(x1)− 〈φ1〉 (µ)α˜(x1)
= (µφ1)α˜(x1) +R(µφ1, f0, . . . , ft)− 〈φ1〉 (µ)α˜(x1)
= α˜(P (f0, . . . , ft))− α˜(〈φ1〉 (µ)x1) ∈ image(α˜).
Corollary 5.2. The graded ring homomorphism
s(U) :
⊕
n∈Z
KMWn (U)→
⊕
n∈Z
Hn,nMW(U,Z)
is an isomorphism.
Proof. We already know from Proposition 3.4 that s is surjective. Now, the ideal JU of Theorem 5.1 is homogeneous,
and it follows that
⊕
n∈ZH
n,n
MW(U,Z) can be computed as H
∗,∗
MW(K) 〈Gm(U)〉 /JU , where H
∗,∗
MW(K) is the diagonal
of HMW(K). There is an obvious homomorphismH
∗,∗
MW(K) 〈Gm(U)〉 →
⊕
n∈ZK
MW
n (U) mapping any unit (f) to
[f ] ∈ KMW1 (U) and it is straightforward to show that the relations JU are satisfied. We thus obtain a composite⊕
n∈Z
KMWn (U)
s(U)
−−−→
⊕
n∈Z
Hn,nMW(U,Z)→
⊕
n∈Z
KMWn (U)
which is the identity, proving the claim.
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